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1 Introduction 

A common method providing topological information of algebraic varieties 
is the consideration of fixed points under a torus action. For instance the 
Euler characteristic is already given by the Euler characteristic of their fixed 
point components. If we consider moduli spaces of stable quiver representa- 
tions, we also often obtain interesting objects as fixed point components like 
indecomposable tree modules in the case of the Kronecker quiver, see |Wei3j . 

The main focus of this paper is on the Kronecker quiver. It is inasmuch 
particularly interesting as by use of the localization method we are able to 
prove parts of a conjecture of Michael Douglas |Douj concerning the Euler 
characteristic of these moduli spaces. It says that for coprime dimension 
vectors (d, e) the logarithm of the Euler characteristic continuously depends 
on the fraction ^. More specified this means that there exists a continuous 
function / such that for every coprime dimension vector (d, e) there exists 
another dimension vector (ds,es) such that 

/ -) = hm —— . 

d n^oo na + dg 

In particular, the right side converges. In |Weij a candidate for this function 
could be determined and it could be proved that under the assumption of 
continuity and the specification of the value at the point one the function is 
already uniquely determined. 

We will see that the fixed points of moduli spaces for quivers without ori- 
ented cycles are exactly the stable representations of the universal abelian 
covering quiver. Actually, after suitable many localization steps the remain- 
ing torus fixed points are representations of the universal covering quiver. 
Even if continuity is still an open question, by use of the localization method 
and the just mentioned result we are able to calculate the value at the point 
one. Indeed, we are able to determine a formula for the Euler characteristic 
of the Kronecker moduli spaces for the dimension vectors {d,d + 1). In par- 
ticular, this shows the convergence at this point. Moreover, we are able to 
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prove the exponential growth impUed by the conjecture. This also provides 

a lower bound for the fTinction. 

We will also show that the Eulcr characteristic for the dimension vectors 
{d, {m— l)d) vanishes for d > 2 because torus fixed points of this dimension 
type are always cyclic. Thereby the dimension type of a bipartite quiver is 
given by the sum of the dimensions of the sources and sinks respectively. 
Thus for this dimension type there do not exist stable representations of the 
universal covering quiver. 

The investigation of the torus fixed point contains a detailed study of bi- 
partite quivers. We will construct stable bipartite quivers of dimension type 
{dg, eg) + n(d, e), i.e. quivers with a fixed dimension vector allowing at least 
one stable representation, by glueing certain bipartite quivers of dimension 
types {ds-,es) and {d,e). Thereby the dimension vector {ds-ieg) is uniquely 
determined by (d, e) . 

Considering the localization in Kronecker moduli spaces we are able to 
prove another property concerning the Kronecker quiver. We can answer 

the question when there exist fixed point components containing infinitely 
many fixed points: in fact, there exist only finitely many torus fixed points 
for dimension vectors (d, e) such that d = 1,2 or in the associated reflected 
cases. 

Acknowledgment: I would like to thank Markus Reineke for his support 
and for very helpful discussions. 

2 Generalities 

Let A; be an algebraically closed field. 

Definition 2.1 A quiver Q consists of a set of vertices Qq and a set of 

arrows Qi denoted by a : i j for i,j € Qo- 

A vertex q & Qo is called sink if there does not exist an arrow a : q q' E 

Qi. 

A vertex q E Qo is called source if there does not exist an arrow a : q' ^ 
q G Qi- 

A quiver is finite if Qo and Qi are finite. 

A quiver is bipartite if Qo = 10 J such that for all arrows a : i ^ j we have 
i E I and j G J. 

Define the abelian group 

ZQo = a 
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and its monoid of dimension vectors NQq. 

A finite-dimensional ^-representation of Q is given by a tuple 

X = ((Xj)igQQ, {Xa)aeQi '■ Xj) 

of finite-dimensional fc-vector spaces and A;-linear maps between them. The 
dimension vector dimX G NQq of X is defined by 

dimX = dim/fcXjZ. 

Let d G NQo be a dimension vector. The variety RdiQ) of /c-representations 
of Q with dimension vector d is defined as the affine A;- vector space 



Rd{Q)= Homfe(A;*,fc''^). 



The algebraic group 

acts on RdiQ) via simultaneous base change, i.e. 

{9i)ieQo * {Xa)aeQi = {9jXagi^)a:i^j- 

The orbits are in bijection with the isomorphism classes of A;-representations 
of Q with dimension vector d. 

In the space of Z-linear functions ilomz{I^Qo, Z) wc consider the basis given 
by the elements i* for i G Qq, i.e. = (5jj for j G Qo- Define 

dim := i* . 

After choosing G Homz(Z(5o, Z), we define the slope function /j, : NQo 
Q via 

^^^^ = di^- 

The slope /x(dimX) of a representation X of Q is abbreviated to 

Definition 2.2 representation X of Q is semistable (resp. stable) if for 
all subrepresentations U G X ( resp. all proper subrepresentations ^ U C. 
X ) the following holds: 

^iiU) < ^{X) (resp. ii{U) < //(X)). 
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This definition is equivalent to that of A.King |King| . Let Q again be a 
hnear form. A representation X such that ©(diniX) = is semistable 
(resp. stable) in the sense of King if and only if 

e(dim?7) > and e(dim[/) > 

for all subrepresentations U C X (resp. all proper subrepresentations / 
U C X). 

To see this define a linear form 

© := /i • dim —Q 

and check that a representation X is semistable in the former sense if and 
only if it is 0-semistable in the sense of King. 

Denote the set of semistable (resp. stable) points by R^^{Q) (resp. R^^{Q)). 
In this situation we have the following theorem going back to Mumford's 
GIT and which was proved by King, see [Mumj . [King : 

Theorem 2.3 1. The set of stable points R'^{Q) is an open subset of the 
set of semistable points R^'^{Q), which is an open subset of R(i{Q). 

2. There exists a categorical quotient M^^ [Q) := R^£{Q)/ /Gd- Moreover, 
M^^{Q) is a projective variety. 

3. There exists a geometric quotient M^{Q) := R^{Q)/Gii, which is a 
smooth subvariety of M^^{Q). 

For a detailed description of the theory of quotients see |Mukj . We just 
briefly treat the construction. 

We obtain the quotient M^^{Q) called moduli space in what follows by 
defining a character x of Gd by 

xi{9^)^eI) :=ndet(5.)''^'^"^''"'-®% 

where Q is the linear form obtained from the previous consideration. 

For an affine variety X the set of ^"-semi-invariants of weight x"" is defined 

by 

k[xf.x" := {/ e k[X] I fig * x) = xioT ' /(^) V5 G G, Vx G X}. 
Furthermore, the ring of ^-semi-invariants is given by 

:= ^k[Xf^>^\ 

n=0 

Then we have 

M,-(Q) = Proj(M^]?), 
the projective spectrum of the ring of semi-invariants. 
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Remark 2.4 



• Since there exists only one closed orbit, the affine quotient is just a 
point. Therefore we get k[Rii{Qyf' = k. Thus the projective quotient 
has no affine component and is a projective variety. 

• Since Rd{Q) is an affine space and thus smooth, we get that the open 
subset of stable points is smooth. Thus, since the moduli space MJ(Q) 
is an orbit space associated to the group action restricted to the stable 
points, it is smooth as well. 

• The moduli space MJ*(Q) does not parametrize the semistable rep- 
resentations, but the polystable ones. Polystable representations are 
such representations which can be decomposed in stable ones of the 
same slope. 

• If semistability and stability coincide, M^^{Q) actually is a smooth 
projective variety. Obviously this is the case if n{d) ^ ^{e) for all 
7^ e < d. In this case the dimension vector d is said to be 0- 
indivisible. 

• Let M^^{Q) = M^{Q). For a stable representation X we have that 
its orbit is of maximal possible dimension. Since the scalar matrices 
act trivially on R'^{Q), the isotropy group is at least one-dimensional. 
Thus for the dimension of the moduli space it follows that 

dimMf = l-{d,d). 

Finally we point out some properties of (semi-)stable representations. These 
properties will be very useful at different points of this paper, for proofs see 
iHNj. 

Lemma 2.5 For a quiver Q let ^ M ^ X ^ N ^ be a short exact 
sequence of representations. 

1. The following are equivalent: 

• /i(M) < KX) 
. fiiX) < /.(iV) 

• < fi{N) 

2. The following holds: 

min(^(M),/i(iV)) < n{X) < max(/i(M), ^(iV)). 

3. If fi{M) = fM{X) = fJ,{N), then X is semistable if and only if M and 
N are semistable. 
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From the first property we immediately get tliat stable representations are 
indecomposable. As usual denote by Eg the simple representation corre- 
sponding to the vertex q defined hy Xg = C and Xgi = for all q' ^ q. 
For a quiver Q consider the matrix A = iO'i,j)i,jeQo with Oj^j = 2 and 
—aij = —aj^i for i / j, in which aij = \{a £ Qi | a : i — > j V a : j — > i}|. 
Fixed some q £ Qo define Vg : Z,Qq ZQo as 

rq{q') =q' - aq^qiq. 
We have the following theorem, see [BGPj : 

Theorem 2.6 Let Q he a quiver and q £ Qq a fixed vertex. Let q he a sink 
(resp. a source). Then there exists a functor 

Rg{resp. R^) : mod CQ — > mod CQg 

with the following properties (if q is a source, replace + hy —): 

1. R+{U®U') = R+{U)®R+{U'). 

2. Let U he an indecomposahle representation of Q. 

(a) IfU^ Eg, then R^{Eg) = 0. 

(h) If U ^ Eg, then Rg{U) is indecomposahle with R^Rg{U) = U 
and dimi?+([/) = rg(dim(C/)). 

In particular, we have: Endf/ = Endi?^(C/). 

3 Localization in moduli spaces 

Analogously to |Rei3| . in this section we translate the techniques of local- 
ization in moduli spaces of simple representation provided by [Reilj into 
moduli spaces of stable representations. An explicit method to detect fixed 
points of these moduli spaces under a torus action is explained. These fixed 
points are stable representations of the universal abelian covering quiver. 

3.1 Torus fixed points 

Let G be an algebraic group and x : C ^ C* be a character of G, i.e. a 
morphism of algebraic groups. Denote by X{G) the set of all characters of 
G with the group structure given in the obvious way. In the following the 
composition is written additively. 

Let y be a C-vector space and G a closed subgroup of Gl{V) acting on V. 
For all characters x ^ ^(C) define the semi-invariants of weight x by 

V^ = {veV\g-v = x{9)v yg e G}. 
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If (/9 : G — > Gl{V) is a rational representation, the definition can be trans- 
ferred, i.e. 

V^ = {veV\ if{g)v = x{9)v yg e G}. 
For instance from Spr| we obtain: 

Lemma 3.1 Let G be a diagonalizable subgroup of Gl{V) and ip : G ^ 
Gl{y) a rational representation. We have 

In the following we assume that the considered dimension vectors d E NQo 
of a quiver Q are coprime. Thus M^{Q) = M^^{Q). 

Let further T := (C*)'*^^' be the |(5i| -dimensional torus. It acts on Rd{Q) 
via 

Since the torus action commutes with the G^-action, it induces a T-action 
on Mj(Q). 

Since the scalar matrices act trivially on Rci{Q), the G^-action factorises 
through the quotient 

PGd := Gd/C*. 

Let X £ M^{Q) be a fixed point under the torus action. Considering the 
algebraic group 

G := {{{gi)i^i, t)ePGdxT\t-X = {gi)i^i * X} 

we get projections 

G 

PGd T 
with the following property: 

Lemma 3.2 Let X be a torus fixed point. The following holds: 

1. The projection p2 ■ G ^ T is an isomorphism. 

2. In particular, the projection pi : G ^ PG^ induces a homomorphism 
of algebraic groups (f := pio p^"^ : T PGd such that 

ip{t) *X = t-X. 

Proof. Since X £ M^[Q) is a fixed point, p2 is surjective. Moreover, since 
X is stable, its orbit is of maximal possible dimension. Thus the isotropy 
group of X under the action of PGd is trivial implying the injectivity. 
The second part immediately follows from this. 
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□ 

We can choose a lift V : ^ — ^ Gd for which can be decomposed in \Qo\ 
morphisms of algebraic groups ipi : T ^ Gld^ ■ Together with the projection 
vr : Gd PGd we obtain the following commutative diagram: 




For instance the lift can be chosen by mapping t to the tuple {gi)i£i satisfying 
det((7j) = 1 for all i £ I. We have the following property of a torus, see for 
example |Humj : 

Lemma 3.3 Let T be a d- dimensional torus. Then we have 

X{T) ~ Z'^. 

Let T = (C*)'^ and let ak G X{T) be given by a{ti, . . . ,td) = t^ for 1 < k < 
d. Then we obtain the isomorphism by mapping to e^. 

By considering the simultaneous eigenspace decomposition with respect to 
V'i, i-e- 

we get the following important lemma: 

Lemma 3.4 Let X = {Xa)a&Q^ a fixed point under the torus action. We 
have: 

Xa{Vi,^) C Vj^^+e^ for all x G X{T),a '.i^j. 
Proof . Let t = {ta)aeQi ^ P ^^'^ ^ ^ ^«,x- Then we have 
i>j{t)X^{v) = iPj{t)X^i>i{t)-^tl;i{t){v) = taXaX{t){v) = {x + ea){t)X^{v). 

□ 

We define a quiver such that the fixed point components correspond to 
moduli spaces of this quiver with certain dimension vectors. In order to get 
a sufficient uniqueness of these dimension vectors we first investigate the 
modification of the lift tp and the choice of another representative of a fixed 
point X. 
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Remark 3.5 



1. If we choose another hft tp' , one easily verifies that there exists a 
character x £ ^{T) such that 

ijj = xip'- 

2. If we have two representatives X and X' of a fixed point, there exists 
some g e Gd such that 

X' = g*X. 

Thus if (/? is a homomorphism belonging to X, we have 

{g-'ip{t))*X' = t-X' 

for ah t e T. 
By the preceding considerations we get: 

Lemma 3.6 The following are equivalent: 

• X is a fixed point. 

• There exists a morphism of algebraic groups ip : T ^ such that 

for all {ta)aeQi ^ T. 

Now we investigate the stability criterion for fixed points. We will see that it 
is enough to consider subspaces compatible with the weight space decomposi- 
tion. This is important for the practicability of the introduced construction. 
Let X be a quiver representation. Define by scss(X) (strongly contradicting 
semistability) that subrepresentation y C X for which the following holds: 

• n{Y) = max{n{U) \ U CX}. 

• dim(y) = max{dim(C/) | U C X,fi{U) = fi{Y)}. 

Thus Y is of maximal dimension among the subrepresentations with maxi- 
mal slope. 

Lemma 3.7 Let X be a quiver representation. The subrepresentation scss{X) 
is uniquely determined. 
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Proof. Assume U and U' both satisfy the properties. We have U + U' Q X . 
Consider the short exact sequences 



— ^ unu' — ^ u®u' — ^ u + u' — ^ 

and 

— ^ u — ^ U®U' — ^ u' — ^ 0. 

By assumption we have //([/ n U') < fJ-{U) = n{U'). From the second 
sequence together with Lemma [231 we obtain that //(C/) = fJ-iU') = n{U (B 
U'). 

Again by Lemma [23] we get from ii{U n U') < ^i{U) = fi{U © U') that 
Ijl{U®U') < fi{U + U'), hence n{U) = fi{U + U'). Because of the maximahty 
of the dimension of U, it follows that dim(C/ + U') = dim(C/) = dim(C/'). 
But this means U = U'. 

□ 

Lemma 3.8 Let X be a fixed point of Q with dimension vector d. Let 

Xi = Xi^^ 
xeX(T) 

be the weight space decomposition with respect to the associated morphism 
ip : T ^ Gd- Then the following are equivalent: 

1. X is semistable. 

2. For all subrepresentations U , which are compatible with the weight 
space decomposition of X, i.e. Ui = ©^£X(r) i G Qo 
where Ui^-^ C ^i,xj we have fJ-{U) < 

Proof. One conclusion is clear. Thus let X be a representation satisfying 
the second property. Moreover, let U = scss(X) and consider 

ip{t)U := {^i{ta)aeQi{Ui))i(zQ^^ 

for each {ta)a£Qi G T. 

Since X is a fixed point, by Lemma 13.61 it follows that 

for all {ta)aeQi ^ ^ ^^^^ a morphism of algebraic groups ip = {(piji^Q^ : T — > 
PGd. 

Hence for each arrow a : z — > j we obtain 

Xafi{t)U^ = ^ipj{t)Xa(pi{ty^ipi{t)Ui C 'Pj{t)Uj 
in 
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because XaUi C Uj. Thus f{t)U is a subrepresentation of X. Since ifi{t) 
is invertible for all i £ Qq, the dimension vectors of U and ^p{t)U coincide. 
Because of the uniqueness of scss(X) it follows that ^{t)U = U for all t £ T. 
This is equivalent to ipi{t)Ui = Ui for all t E T and all i € Qq. This 
implies that U = scss(X) is compatible with the weight space decomposi- 
tion. Therefore, by assumption we have that /i(scss(X)) < fJ,{X). Hence 
X is semistable. Indeed, the slope of scss(X) is maximal among the set of 
subrepresentations of X. 

□ 

Define the quiver Q by the vertex set 

Qo = Qox X{T) 

and for each arrow a : i ^ j and each character x £ X(T) we have an arrow 

{a,x) ■ ihX) {j,X + Eq) 

in Qi. This is the universal abelian covering quiver of Q. 

Let X be a fixed point of Q. Then define the corresponding dimension vector 

d G NQo by 

Obviously X can be considered as representation of this quiver. 

The stability condition for representations of this quiver is induced from Q, 

i.e. we define a linear form Q : ZQo ~^ ^ such that 

@i,x = &i 

for all i £ Qo and all x ^ ^(T)- Thus by Lemma [3^ stable fixed points 
can be identified with stable representations of the just introduced quiver. 

Next we show that such a representation corresponding to a fixed point 
X is unique in a certain way. Following Remark 13.51 choosing another lift ■0 
just changes the weights of the weight space decomposition by translation 
by the character x- This corresponds to a group action of ZQi on Qq defined 

by 

^- ihX) = {i,X + fJ')- 
Now this induces a group action on the set of dimension vectors NQo- Two 
dimension vectors contained in the same orbit are said to be equivalent in 
the following. 

Also choosing another representative corresponds to an even translation of 
the weights and the dimensions of the weights spaces respectively. Thus we 
have in conclusion: 

Theorem 3.9 For all fixed points X G M^{Q)'^ there exists (up to equiv- 
alence) a unique dimension vector d for Q such that X correspond to a 
representation of Q with dimension vector d. 
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3.2 Description of fixed points and bipartite quivers 

Converse to the last section we construct an embedding of representations of 
the quiver Q into the fixed point set of Q. Therefore, fixing a representation 
of Q we construct a representation of Q and show that the latter one is a 
fixed point. 

Again consider the quiver Q and let d be a dimension vector such that the 
corresponding dimension vector d of Q is coprime. This means that di with 
i G Qo is given by 

di = dj^^. 

We call a dimension vector d satisfying this property compatible with d. 
Let Vi^y^ be vector spaces of dimension dj^^ for all i G Qo and x £ ^(^)- 
Consider the vector spaces 

y^■■= Vi^X- 

xex(r) 

We obtain a representation of Q by defining for given linear maps 



linear maps 



xeX(T) 



for all a : i — > j. 

This defines a linear map 



P : i?,~(Q) ^ Rd{Q). 



Moreover, an embedding of in arises from the decomposition of the 
vector spaces Vi. Since the linear map is equivariant under the group action 
of Gj, the map P induces a map 

P : Mf{Q) ^ (Q) 

by use the universal property of the quotient. Furthermore, define a map of 
algebraic groups V' = ('0i)jeQo '■ T ^ Gd such that 

iJi-.T^ Gl{V^) 

is defined by 



This makes -0 well-defined and by use of Lemma 13.61 we obtain a morphism 



for alH G T and all v G Vi^^. 
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of algebraic groups 93 such that P{X) = y is a fixed point. 

Since the dimension vector d is coprime, stability and semistability coincide. 

Thus stable representations of Q are mapped to stable representations of Q. 

Lemma 3.10 Let X and X' be representations of Q such that P{X) and 
P{X') are isomorphic. Then X and X' are already isomorphic. 

Proof. Let Y = P{X) and Y' = P{X') and let 

g = {gi G Gl{Vi))i(zQ^ 

be an isomorphism between Y and Y'. We have 

for all a : i — > J G Qi- Since y is a fixed point, by Lemma 13.61 there exists 
a corresponding homomorphism of algebraic groups 

(f = (v?i)iGQo 

to which we can choose a lift 

Following Remark 13.51 we may assume that both fixed points induce the 
same lift. Indeed, by changing the lift the corresponding weight space de- 
composition does not change. For this lift, all t E T and all a : i ^ j we 
have 

iljj{t)YMt)~'9i = to,-Y^gi 

— 9j (fa ' '^a) 

= gj^Pj{t)YaMi)~^- 

Therefore, this implies that 

Y;,{Mt)-'g,i^,{t)) = {i^,{t)-'g,i^,{t))Y^ 

for all a G Qi. 

Since Y and Y' are stable, the endomorphism ring only consists of scalars. 
Thus it follows 

{Mt)~^9iA{t))i€Qo =a-9 
for all t S T and an a G C*. This defines a character a G X{T) such that 
we have 

ij{t)~'gxl:{t) = a{t)-g 

for all t G T. 

Each gi induces an isomorphism between the weight spaces Vi^^ and Vi^^j^a- 
But since the vector spaces Vi are finite dimensional, we already have a = 0. 
Hence we may understand g as an isomorphism between X and X' . 
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□ 



Every fixed point arises from such an embedding. Moreover, the images 
of these embeddings are pairwise disjoint so that we obtain the following 
concluding theorem: 

Theorem 3.11 The set of fixed points M^{Q)'^ is isomorphic to the disjoint 
union of moduli spaces 

d 

in which d ranges over all equivalence classes of dimension vectors being 
compatible with d. 

3.3 Euler characteristic of moduli spaces 

In this section we point out some basic properties of the Euler characteristic. 
For basics of algebraic topology see for instance [Luej . Moreover, we discuss 
the conjecture of Michael Douglas concerning the asymptotic behaviour of 
the Euler characteristic of Kronecker moduli spaces. 

3.3.1 Definition and properties 

Let X be a smooth projective variety over the complex numbers of dimen- 
sion n and let H^{X), i G No, be the i-th. singular cohomology group with 
coefficients in C which are C-vector spaces satisfying W [X) = if i > 2n 
as is known. Define 

h\X) = d\mcH\X). 
The Euler characteristic x of X is defined by 

2n 

x{X)=Y,{-lfh\X). 

By the following theorem, for a proof see [CGj or |EM| . it follows that 
the localization method is suitable to calculate the Euler characteristic of 
varieties. 

Theorem 3.12 Let X be a complex variety with a torus T acting on it. 
Let X'^ be the fixed point set of X under this action. Then for the Euler 
characteristic we have 

x{x) = x{x^). 

By use of Theorem 13.111 and because of the additivity of the Euler charac- 
teristic we obtain the following important result: 
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Theorem 3.13 Let Q be a quiver with dimension vector d. Then for the 
Euler characteristic of the moduli space M^{Q) we have 



X 



where Q is the universal abelian covering quiver and d ranges over all equiv- 
alence classes being compatible with d. 

For a quiver Q and for a coprime dimension vector d we again consider the 
moduU space of stable representations M^{Q). Prom |Rei2] we get that the 
odd cohomology vanishes. Moreover, from the Hard Lefschetz Theorem, see 
for instance [GH] , we can conclude that 

h^MliQ)) < h'+\M!iQ)) 

for k < n and 

hHM^iQ)) > /i^+2(Mj(Q)) 
for k > n where n is the dimension of M^{Q). Since we also have 

we get the following result: 

Corollary 3.14 For moduli spaces of stable representations of a quiver Q 
with coprime dimension vector d we have: 

x(Mj(Q))>dim(Mj(Q)) + l. 
3.4 Maps between universal quivers 

Let Q = {Qo, Qi) be a connected quiver without oriented cycles. Let Q^^ = 
{a,a~^ I a £ Qi} where is the formal inverse of a. We will write : 
j ^ i for a : i ^ j £ Qi. A path p is a sequence (ii | aia2 ■ ■ - otn \ in+i) 
such that Uj : ij — > ij+i G Qi^- Thereby, we have the equivalence generated 
by 

{i I aa ^ I i) ~ (i II i). 

In what follows, we always consider paths up to this equivalence. The set 
of words in Q is generated by the arrows and their formal inverses, i.e. for 
a word w we have w = ai . . .an where ai G Qi^- Denote the set of words 
of Q by W{Q). The universal covering quiver Q of Q is given by the vertex 
set 

Qo = {{i^w) \ i£Qo,we W{Q)} 

and the arrow set 

Qi = : ihw) {j,wa) \a:i^jG Qi}. 
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For a. a G Qi^ define 

o{a) 



1 if a G Qi 
-1 if G Qi 



The universal abelian covering quiver Q, see Section 13. H is given by the 
vertex set 

Qo = Qo X '^Qi = {{i, zi) \ i e Qo, zi G ZQi} 
and the arrow set 

Qi = {ozi ■■ (i, zi) (j, zi + ea) \ a : i ^ j £ Qi}. 

The fc-th universal abelian covering quiver is recursively defined by the ver- 
tex set 

= Q^-i X ZQ^-i = {(i, {zi)i=i_k) \ieQo,zie ZQ'f ^ 
and the arrow set 

Ql = {"(20!=i.....fc • i^i)i=i,-,k) U, {zi + ea(,^)^^^_ ^^_Ji=l,...,fc) 
I a : i ^ i G <5i, a(z,)i=i,...,s G Qi for s = 0, . . . , /c - 1}. 
where we define = Q and 0(^^1)1^1 — 

Fixing a vertex i G Qo we will always consider the connected components 
such that {i, 1) G Qo and (i, 0, . . . , 0) G Qq- again denote this subquivers 
by Q and Q''. This is no restriction because we are only interested in stable 
and indecomposable representations respectively. Thus the support of the 
quiver has to be connected. Fix some vertex {q,w) G Qq. Thus w = {i \ 
• • • On I 9) is a path in Qi and we may assume that ai 7^ '^i^i for all 
i = 1, . . . , n — 1. We call such a path reduced in what follows. Moreover, by 
l{w) = n we define the length of the path w and 

2i-l-o{ai) 
K^) ■•= ^ . 

Define 

I 

= ^o(ai)e„.. 
1=1 

Furthermore, we recursively define 

I 



zi{w) := y]o(aj)e( 

. , '(^s^''(™))s = l,...,j-l 

2 = 1 ' 



where zUw) = if / = 



' k 



Now we can define a map fk-Q^Q'^Y 

fk{{q,w)) = {q, izl'"\w))j=i^,„k) 
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and for some a : {qi,w) {q2, wa) we define 

fk{a) = (^^,^(-')(^)).^^^^ ,^ ■ {<li,{4'"^{w))j=i,...,k) {q2,{4'"°'\wa))j=i,,„,k). 
Obviously we have 

l{wa) , \ l{w) / \ I 

z> '(wa) = z> '(w) + ea i,^. 

for j = l,...,k. 

Proposition 3.15 1. The maps fk are surjective for all k. 

2. For A; — ^ oo the map fk is injective. 

Proof. As already mentioned we may just consider the connected compo- 
nents such that (i, 1) G Qo and (i,0, ...,0) G Q'^ for some i G Qq. We 
first show that is surjective. Thus let (j, zi, . . . , z^) € Qq such that there 
exists a reduced path 

w= {{i,0,... ,0) I Q;i...a„ I {j, zi, . . . , Zk)). 

We have 

l{w) 



. 1 (^s''^("'))s=l,...,t-l 
1=1 

and thus /fc(j, w) = {j,Zi, . . . ,Zk). 

Now consider (g, 1) and (g, w) where w = ai . . . an^. 7^ 1 is a reduced path 
and q and are minimal such that 

/fe((g,l)) = /fe((g,w^)) = (9,0,...,0). 

Then we claim that fk+i({q,w)) / fkiQ, 1) = (<?;0, . . . ,0). Assume this is 
not the case. Then we have 

fk+ii{q,w)) = (q, {zj''"\w))t=i,...k+i) 

with 



l{w) 

and l{w) = nfc. Thus there exists some tuple with i ^ i' such that 

Zi^^\'w) = z^'^^\w) for all I = 1, . . . , /c. But since — z^'^^\w) = 

0, this defines two vertices {q',wi) and {q',w\W2) such that = 
fkiiq' ,'WiW2)) and /(■i/;2) < But this is a contradiction and therefore we 
have Uk+i > rik for all A; > 0. 
This already shows that foo is injective. 
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□ 



Note that it is easy to check that we have an arrow between two vertices of 
the k-th universal abehan covering quiver if and only if we have one between 
two vertices of the universal covering quiver. 
Let Tfc := (C*)l^^'l. Define 

Mj(Qf''^ = (...(Mj(gf^)...f". 
Using Theorem 13.111 we get the following: 

Theorem 3.16 For all dimension vectors d there exists a n E Nq such that 
we have 

MHQf'-'^ljMliQ) 

d 

for all n' >n where d ranges over all equivalence classes that are compatible 
with d. 

Concerning the Euler characteristic of quiver moduli we get the following 
corollary: 

Corollary 3.17 Let Q he a quiver with dimension vector d. Then for the 
Euler characteristic of the moduli space M^{Q) we have 

X(MJ(Q)) = X;X(MJ(Q)), 
d 

where d ranges over all equivalence classes being compatible with d. 

Thus we may always assume that torus fixed points are given as repre- 
sentations of the universal covering quiver which has no cycles. Thus the 
representations theory simplifies in comparison with the universal abelian 
covering quiver. 

Remark 3.18 

• Note that the connected components of the universal covering quiver 
of the Kronecker quiver K{m) is the infinite regular m-tree with an 
orientation. In particular every vertex is either source or sink and its 
neighbours are only sinks or sources. 
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4 Asymptotics and combinatorics of trees 



The purpose of this section is to treat some aspects of combinatorics of 
trees. Fixing some properties we count the number of trees of this type, 
either exactly or at least asymptotically. This machinery will be used to 
count torus fixed points and fixed point components respectively. This gives 
rise to a lower bound for the number of fixed points and thus for the Euler 
characteristic of moduli spaces of the Kronecker quiver. 
Let a{x) = X^„>o CLnx'^ be a power series. In the following denote by 



its n-th coefficient. 

Definition 4.1 A graph G consists of a non-empty finite set of points V = 
V{G) together with a set X = X(G) of unordered pairs of different points of 
V. Every pair x = {u,v} is called an edge of G and is denoted by x = uv. 
Two points u,v £V are called adjacent if there exists an edge x = uv. 
A walk in G is an alternating sequence of points and edges 



starting and terminating with points such that Xi = Vi-iVi. Also denote a 
walk by vq . . . Vn. 

A walk is called path if Xi ^ xj for i ^ j. 

A path is called closed or a cycle if vq = Vn and open if not. A graph is 
called connected if there exists a path between each two points. 
A graph is called acyclic if it has no cycles. 

Definition 4.2 A tree is a connected acyclic graph. A rooted tree is a tree 
where a point is specified to be the root. A graph without cycles is called a 
forest, in particular the components are trees. 

When restricting to trees the points are often called knots. For further 
details according to trees and their combinatorics see for example jHPj or 




4.1 Simply generated trees 

We discuss simply generated trees, which are related to so called localization 

quivers. They are quivers coming from torus fixed points. 

Simply generated trees were introduced by Meir and Moon, see |MM] . and 

are constructed as follows: 

Let 



[x"]a(x) := On with n > 



Vo,Xi,Vi 



'^n—li Xni Vn 




n>0 
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be the generating function of a family T of rooted trees. Moreover, let 

n>0 

be a formal power series such that 4>n>^ for all n > and also (j)o > and 
> for a j > 2. If y{x) satisfies the functional equation 

y{x) = x(j){y{x)) 

for such a power series (p, we call T a family of simply-generated trees. We 
also call a tree T e T simply-generated. Note that a fixed tree may be 
contained in more than one family of simply-generated trees. 
The weight U!{T) of a finite simply-generated tree T G T is defined by 

j>0 

where Dj{T) is the number of knots with j successors. Denote by |r| the 
number of knots of a tree T. For the coefficients of the generating function 
we have 

yn= Yl 

\T\=n 

For instance, if we define 

(j){x) = l + 2x + x'^, 

we obtain the family of binary trees. Here we take into account that we 
distinguish between left and right successors. 

4.2 Lagrange inversion theorem 

In this section we briefly discuss the Lagrange inversion theorem, which will 
become an important tool later. 

Theorem 4.3 Let <j){x) = X]„>o ^t^nX^ be a power series such that ^{0) ^ 
and let y{x) be a power series satisfying the functional equation 

y{x) = x(t){y{x)). 

Let g{x) he another power series. Then y{x) is invertible and for the coeffi- 
cients of g{y{x)) we have 

for all n> 1 . Moreover ^ we have 

771 

[x-](y(a;)r = -K— ]0(ur. 
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Note that this theorem is equivalent to the formulation of the Lagrange 
inversion theorem as usually stated in literature. For proofs and further 
details see for instance jSFj or [Drmj . 

Next, we treat a special case which is important when counting localization 
quivers. In order to get a lower bound for the number of fixed points we use 
an asymptotic approximation arising from the next section. 

Lemma 4.4 Let (p{x) = 1 + ax^ such that y{x) = x(j){y{x)). Then we have 

if h\n — 1 and [x'^]y{x) = otherwise. 
Proof. We have 



0(.r^E(:)( 

i.—n \ / 



fc=0 

Thus we obtain for the (n — l)-th derivation 



n , 

("-i)(x)"= aHk[hk-\)...{hk-[n-2))\^^x^^~^'^'^^ 

k=0, ^ ^ 

bk>n-l 



By use of the Lagrange inversion theorem 14.31 we get for the n-th Taylor 
coefficient that 



if b\n — 1 and [x"]y(a;) = otherwise. 
Corollary 4.5 Let m> 1. We have 

if b\n — m and n>m and [x"]y(a;)™' = otherwise. 
Let a,b,m,n G N^. Define 



□ 



if y{x) satisfies the functional equation y{x) = x(j){y{x)) where (l){x) = 1 + 
ax^ . Also define 
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4.3 Asymptotic behaviour 

From [ Drmj we obtain the following important theorem: 



Theorem 4.6 Let F{x, y) he an analytic function in the variables x and y 
around x = y = such that F(0, y) = and such that the Taylor coeffi- 
cients of F around are real and non-negative. Then there exists an unique 
analytic solution y = y{x) of the functional equation 

y = F{x,y), 

which has non-negative Taylor coefficients around and, moreover, y{0) = 
0. 

If the region of convergence of F{x,y) is large enough such that there exist 
positive solutions x = xq and y = yo of the system of functional equations 
given by 

y = F{x,y) and 1 = Fy{x,y) 

with Fx{xo,yo) / and Fyy{xQ,yo) / 0, then y{x) is analytic for \x\ < xq. 
Moreover, there exist functions h{x) and g{x), which are analytic around 
xq, such that 

y{x) = g{x) - h{x). 1 - — 
V ^0 

locally around xq. 

Then we have g{xo) = y{xo) and 



h{xo) 



l 2xoF^{xo,yo) 
Fyy{xo,yo) 



Furthermore, this provides a locally analytic continuation ofy{x) forx—XQ ^ 
0. 

// [x'^]y{x) > for all n > no, we also have that x = xq is the only singu- 
larity of y{x) on the circle \x\ = xq. In conclusion, for we get an 
asymptotic expansion of the form 



Using the notions of the preceding theorem we get the following corollary: 

Corollary 4.7 Let (j){x) = 1 + ax^ and y{x) such that y{x) = x(l){y{x)). 
Then we have ^ ^ 
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Proof. By use of Theorem 14.61 we obtain 

yo = xo{l + a?/o) and 1 = xo{abyQ'^) 
respectively. The corollary now follows from an easy calculation. 

□ 

5 Localization in Kronecker moduli spaces 
5.1 Kronecker moduli spaces 

Since the main focus of the paper is on the m-Kronecker quiver with m > 3, 
we apply the introduced machinery to this case. In what follows let k = C 
Thus we consider the quiver K(m) with two vertices and m arrows between 
them, i.e.: 




A representation of this quiver with dimension vector (d, e) is given by two 
C-vector spaces V and W of dimensions d and e and a m-tuple of linear 
maps 

m 

{Xi, . . . e 0Hom(F,Ty) = Ra4K{m)). 

i=l 

The group {Gl{V) x Gl{W)) acts on R^^f,{K{m)) via simultaneous base 
change. Since the scalar matrices act trivially, the group action factorises 
through the quotient P := {Gl{V) x Gl{W))/C*. For 6 = (1,0) the slope 
function /x : — > Q is defined by 

/i(d,e): ^ 



d + e 



Thus we obtain the following criterion for the (semi-)stability of Kronecker 
representations: 

Lemma 5.1 A point {Xi, . . . , Xm) G Rd,e{K{m)) is semistahle (resp. sta- 
ble ) if and only if for all proper subspaces / f/ C F the following holds: 

m m 

dim^Xfc([7) > dirnU ■ - {resp. dim^Xfc([/) > dimU ■ -). 

k=l k=l 

Thus d and e being coprime implies that semistable points are already stable. 
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Definition 5.2 Let gcd(d, e) = 1. The categorical quotient 
= Proj(C[0 Rom{V,W)]^^''^^^'' ^^'^^^) 

i=l 

is called Kronecker moduli space. 

Using standard methods from Algebraic Geometry, see [Shalj and |Sha2j . 
we get by use of Theorem 12.31 the following: 

Corollary 5.3 Let d,e,m G N and m > 3 such that gcd{d,e) = 1. The 
corresponding Kronecker moduli space is a compact complex manifold. 
Furthermore, there exists a continuous map 

such that the U-fibres are exactly the orbits under the group action. 
We state some helpful properties of the Kronecker moduli spaces: 

Proposition 5.4 1. There exist isomorphisms of moduli spaces Af™^ ~ 



M^,andMZ^MZ.,e- 



2. The dimension of the moduli spaces is given by 

dim M^g = \- S - (? ^ dem 

ifM2, + %. 

3. Let {d,e) be a root of K{m). We have ^ {pt} if and only if 

m — \Jm? — 4 e m + \/rr? — 4 

< — < holds. 

2 - d- 2 

Proof. We obtain the first isomorphism by considering the map 



The second one is obtained via the refiection functor, see Theorem 12.61 The 
second part is a special case of the fifth part of Remark 12. 4[ 
If / {pt} holds. 



m — vrr?— 4 e m + xrrr? 
< - < 



2 - d- 2 

follows from the second part of the proposition. 
The other direction is proved in |Rei21 Theorem 3.5]. 

□ 

Note that the dimension vectors satisfying the inequality in the third part 
of the theorem are the imaginary roots. If the moduli space is a point, 
the dimension vector is a real root, i.e. a refiection of a dimension vector 
corresponding to the simple roots (0, 1) and (1,0) respectively. 
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5.1.1 Conjecture about the asymptotic behaviour of the Euler 
characteristic 



In this section we discuss a conjecture of Michael Douglas concerning the 
Euler characteristic of Kronecker moduli spaces and several consequences. 
Originally, Douglas formulated the conjecture in [Douj as follows: 

Conjecture 5.5 (Douglas) Fix r £ M_(. and consider {d, e) £ with 
gcd(d, e) = 1 and f ~ r. 

1. Then there exists a G M such that for e,d^ we have 

ln(x(M- )) ^ ^ 

~ Or- 

d 

2. The function r Cr is continuous. 

ln(x(MV" )) 

Thus Douglas conjectures that ^ and therefore the Euler character- 
istic is asymptotically already determined by the fraction ^. Moreover, the 
Euler characteristic depends continuously on it. 
Let 

m — Vm"^ — 4 m + Vm"^ — 4 

mi := and m2 



2 2 

Based on Douglas conjecture we obtain from |Wei] the following precise 
formulation: 

Conjecture 5.6 Let m > 3, m G N. There exists a continuous function 
f : [mi,m2] C M ^ M such that the following holds: 

For all r S [mi, m2\ and all e > there exists a 6 > and a n € N such that 
for all {d, e) G with gcd{d, e) = 1, \r — e/d\ < 6 and \d + e\ > n we have 

ln(x(M-)) , ^ 
1/(0 — — I < £• 

Remark 5.7 

• We may also rephrase the conjecture as follows: there exists a contin- 
uous function / such that for every coprime dimension vector (d, e) 
there exists a dimension vector {dg, e^) such that 

/(-)= lim ^''^^^^s+nd,e.+ne) 



" d n^oo ds + nd 
In particular, the right hand side converges. 
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We discuss some consequences of the conjecture which are proved in |Weij . 
For the remainder of this section we assume that the conjecture is true. 
Define 

K := (m — 1)^ ln((m — 1)^) — (m^ — 2m) ln(m^ — 2m). 



Theorem 5.8 The function f is given by 

X 

f{r) = , ■ \lr(m - r) - 1. 

— 1 

In particular, the constant K is its value at the point r = 1. Moreover, 
we have that the Euler characteristic asymptotically only depends on the 
dimension of the moduli space: 

Corollary 5.9 The logarithm of the Euler characteristic ln(x(M™g)) is a- 
symptotically proportional to V dem — — = y''dim — 1 . 

5.2 Localization quivers of the Kronecker quiver 

In this section we again consider the generalized Kronecker quiver. We 
investigate the quivers arising from the localization method in detail. Fur- 
thermore, we characterise a huge class of fixed points growing exponentially 
with the dimension vector. From this we will obtain a lower bound of the 
Euler characteristic of Kronecker moduli spaces. In the next section we will 
also deal with some examples of dimension vectors, for which it is possible 
to determine all torus fixed points. 

Let (d, e) G be a coprime dimension vector of the Kronecker quiver 
and let X = {Xi, . . . , X^) G (M™^)-^ be a fixed point. From the con- 
siderations of the third section we get a morphism of algebraic groups 
(p :T ^ P = {Gl{V) X Gl{W))/C*, for which we can choose a lift V : T 
Gl(y) X Gl{W). It can be decomposed into two morphisms tpi : T i-^ Gl{V) 
and Gl{W). 
Let 

and 

W= ^ 

be the simultaneous eigenspace decompositions with respect to ipi and ij)2 
respectively. They satisfy 



26 



for all X £ ^{T) and A; = 1, . . . , m. 



The universal abelian covering quiver K{m) has vertices (l,x) and (2,x), 
where x runs through all characters of X{T) and arrows 

(1,X) ^ (2,x + efe) 
for each A; G {1, . . . , m} and each x ^ 

For every fixed point there exists a unique dimension vector d given by 

di^-^ = dim and ^2,% = dim VFJ^^ 
for (l,x),(2,x) Gi^Mo. 

The other way around consider K{m) with dimension vector d. In the 
following let 0/ be the subquiver having vertices g G Qo such that / 
and arrows a : i ^ j E Qi such that di,dj ^ 0. 

Thus a stable representation of this quiver correspond to a torus fixed point 
with dimension vector {d, e) where 

d= 4x 

and 

xex(r) 

In what follows, we call the vector {d, e) dimension type of the representa- 
tion. 

Definition 5.10 A tuple consisting of a quiver and a dimension vector is 
called stable if there exists at least one stable representation for this quiver 
and dimension vector. 

If it is clear which dimension vector we consider, we will simply call such a 
tuple stable quiver. 

Remark 5.11 

• The stability condition for representations of K{m) is induced by the 
original linear form = (1, 0). It is given by 

• Since K(m)f is bipartite and in particular connected if it is stable, 
there exists an embedding A : {K{m) /)o — > Z"* such that 

This embedding is unique up to addition of characters G 17^. 
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In the following let / U J be the decomposition of the vertex set into sources 
and sinks. Wc may assume that they are elements of Z"*. 
Let R C I X J he the set of arrows. Then we have 

{i, j) e R<^j = i + ek 

for k G {1, . . . , m}, where ei, . . . , denotes the standard basis of Z"^. 
This defines a map c : R ^ {1, . . . , m} by setting c(i,j) = k \i j = i + e^. 
Obviously, the set R and the function c are already uniquely determined by 
the vertex set /U J. Nevertheless, they play an important role because they 
will describe different localization data for a given localization quiver. 
Therefore, a fixed point X determines a tuple (/, J, d) which is unique up 
to translation by a vector fi G Z"*. In what follows we always consider such 
tuples up to translation. 
This leads to the following definition: 

Definition 5.12 Let X he a fixed point. The associated set {I, J,d)/I7^ is 
called localization data of X. 

In the following, the set of all localization data of the m-arrow Kronecker 
quiver with dimension vector {d,e) is denoted by CT^^- 

First we point out some properties of the localization data of the quiver 
K{m). For a bipartite quiver with vertex set / CJ J and dimension vector d 
define the sets 

Ai-- {j e J \a:i^ j e Qi,dj > 1} 

and 

Aj := {i G I \ a : i ^ j £ Qi,di > 1}. 

Furthermore, define Ri = \ Ai\ and Rj = \Aj\. For a localization data we get 
the following conditions: 

Remark 5.13 

• Let i G I be a vertex such that dim(z) = 1. Then we have for a stable 
quiver that m > i?^ > ^. 

• For all J G J it holds that Rj < m. 

• For all (i, j), {i-ij') € R such that j ^ j' we have c{i,j') ^ c{i,j). 

• Analogously, for (^, j), {i',j) E R we obtain c{i,j) ^ c{i',j). 
We call a colouring satisfying these conditions stable. 

Definition 5.14 A cycle in a localization data is a sequence of vertices 
k,ji,---,jn,in+i=ii (resp. ji,ii, ■ ■ ■ ,in, jn+i = ji) such that 

{ikjk) G R (resp. {ik,jk+i) G R) and {ik+i,jk) G R (resp. {ikjk) G R) 
for 1 < k < n. 
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Definition 5.15 A bipartite quiver is m-bipartite if we have for all sources 
i £ I and all sinks j £ J that 

Ri, Rj < m. 

A m-bipartite quiver Q with dimension vector d such that 

\{a£Qi\a: i ^ j}\ < 1 

for all pairs i,j £ I U J is called localization quiver for a dimension vector 
(d,e) ifMi{Q) / and 

di = d and dj = e. 

i&I j€.J 

Because of Lemma [2.51 localization quivers have to be connected. Otherwise 
there would be an exact sequence contradicting the stability condition. 



Remark 5.16 



• In order to test a m-bipartite quiver with 

|{q G Qi I a : i^j}\ < 1 

for stability, we do not need to consider an explicit representation. We 
can rather consider an arbitrary representation X for this dimension 
vector satisfying for all j G J and all subsets A'j C Aj with R'j := \A'j\ 
the following property: 

dim( fl = max{0, ^ dim(X„(X,)) - (R'^ - 1) dim(Xj)}. 

Indeed, if we consider a bipartite quiver of the following form 




with Hi < n for all 1 < i < there always exists a representation 
of this quiver such that for all tuples of linear maps X^^^ , ■ ■ ■ , -^ai^ 
with 1 < k < t and 1 < ii < i2 < ■ ■ ■ < ik ^ t the dimension of the 
intersections of the images is minimal. One verifies the existence and 
the dimension formula by induction on the number of arrows. 
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Obviously, we obtain a localization quiver from every localization data. The 
other way around, given a localization quiver we can choose a map c satis- 
fying the conditions of Remark 15.131 and colour the quiver in order to get a 
localization data. 

Remark 5.17 

• Fixing a localization quiver it may happen that different colourings of 
the arrows lead to different types of localization data. For instance, 
if we consider a localization quiver with a colouring c such that this 
colouring induces a weight space of weight x ^'^^ oris of weight x ~ c^, 
we have an arrow a : x~ ^ X and also a linear map 

^a-X-^k^X • ^X-efc ~^ ^X- 

If this arrow did not appear in the localization quiver, we call such an 
arrow induced. Obviously, the dimension of the moduli space increases 
at least by one. 

But Theorem 13 . 1 61 put things right. In particular, after suitable many 
localization steps the remaining torus fixed points are representations 
of the universal covering quivers which has no cycles. 

Lemma 5.18 Let Q be a localization quiver and c,c' stable colourings of 
the arrows. Then we have: 

1. By colouring the arrows with c we obtain a localization data. 

2. Fix c and d such that c induces no cycles and d induces at least one 
cycle. Moreover, /etdim(MQ,c) and dim(MQ, c') be the dimensions of 
the resulting moduli spaces. We have 

dim(MQ,c) < dim(MQ,c'). 

Proof. Fixing a localization quiver and a stable colouring of the arrows 
we obtain a localization data. Every stable representation of Q induces a 
stable representation of K{m), no matter if the colouring leads to cycles or 
not. Induced arrows let the dimension of the moduli space increase. Thus 
it remains to prove that the dimension of the moduli space increases if a 
colouring induces a cycle which does not come from an induced cycle. 
Let ji = j2, i.e. dim(ji^2) = dj-^ + dj^. We have Rj-^^jRj^ > 1 in Q. Define 
dim^j = ^jg^^ dimz. Then we have for a colouring c' producing this cycle 

dim(MQ, c) = dim(MQ, c) + d]^ + - (dji + dj^f - dim Aj^dj^ 
— dim Aj^dj^ + {dim Aj-^ + dim Aj^){dj-^ + dj^) 
= dim(MQ, c) — 2dj-^dj2 + dim Aj-^dj^ + dim Aj^dj-^ 
> dim{MQ,c). 
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Indeed, we have dim Aj^^ > cZj^, because of the stabiUty of Q. The case ii = 12 
is proved in the same way. 

□ 

Definition 5.19 A localization data is called localization data of type 1 if 
dim(z) = 1 for all i £ {K{m)f )o. 

A localization quiver Q is called localization quiver of type 1 if there exists 
a colouring c such that the induced localization data is of type 1 . 

In the following we do not always distinguish between localization quivers 
and localization data if no confusion arises. 

5.3 Stability of bipartite quivers 

In this section we investigate stable quivers arising from the localization 
method. Thus each stable colouring of the arrows yields some localization 
data. In particular, we study how to construct new localization quivers by 
glueing localization quivers of smaller dimension types. 

Let Q = (/ U J, Qi) and Q' = (/' U J',Qi) be two bipartite quivers with 
j G J, / G J'. Define the bipartite quiver 

Qj,AQ, Q') = {ioi'o J\j J'\j' j", Q'i) 

such that q; : z 1-^ ji € Q'I if and only if a : i ji G Qi or a : i 1-^ j'l € Q'^ 
with ji / j,/ and a : i ^ j" £ Q'{ if and only if q : i 1— > j'l G Qi or 
a : z I— > ji G Q'l such that ji = j or ji = j'. 

Thus the new quiver is generated by the former ones by identifying two 
vertices of the set of sinks of these quivers. 

Definition 5.20 The quiver Qj,j'iQ,Q') is called the glueing quiver of Q 
and Q' and the vertices j, j' = j" the glueing vertices. 

Definition 5.21 Let Q be a bipartite quiver with sources I. A subquiver 
of Q with sources I' is called boundary quiver if there exists precisely one 
io G /' such that \A^^ n ^/\/'| = 1 and \Ai n ^/\/'| = for all i £ I' with 
i iQ. A boundary quiver is called proper boundary quiver if it does not 
contain any other boundary quiver. 

This means that boundary quivers are such subquivers which only have one 
common sink with the remainder of the quiver. 

In what follows wc abbreviate the dimension of the image of a subspace U 
to du- Thus if f/ = 0j£/ Ui, we define 

du := J2 ^c.m. 
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For a given dimension vector (d, e) we now determine a unique dimension 
vector (ds,e^j) such that we are able to construct new stable quivers of di- 
mension type {ds + kd, Cg + ke) by glueing quivers of the types {dg, eg) and 
k{d, e). 

Fixing some dimension vector (d, e) , we first show that there exists a dimen- 
sion vector {ds, eg) such that dg < d and Cg < e satisfying the conditions 

■d<e+l 



d+ds 

d+ds 
e.-l 



d> e 



^ < f if d 7^ 1 and (e^ - l)d = edg if d = 1 

^j'<m w'<d 

gcd{d + ds, e + eg) = 1. 

We refer to this conditions as glueing condition. The first property is equiv- 
alent to the following: 

de + dcg < de + d + dgC + dg 
4^ deg < d + dgC + dg 
<^d{eg-l) < dg{e + l) 

^ ~ ^ < ^ + \ 
dg d 

The second one is equivalent to: 

ed + Cgd > ed + edg 

<^ — > - 

dg d 

Therefore, it suffices to prove the second and third property because the 
first one follows from the third one. 

Lemma 5.22 Let {d, e) £ such that d < e and d, e are coprime. There 
exists a dimension vector {dg,eg) satisfying the glueing condition. It is 
uniquely determined if we also assume that dg < d and eg < e. 

Proof. We first consider the special case d = 1. It is easy to see that (0, 1) 
satisfies these properties for {d,e) = (1, n) with n G N. 

If d > 2, we already have e > 3. Choose dg minimal such that 

d I 1 + edg . 

This is possible because gcd{d, e) = 1 and, therefore, there exist A', fi' such 
that 

X'd=l- n'e. 
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If /x' > 0, we have 



A'^d^ = 2n'e + fj,'^e^ = 1 + e{n'^e - 2/x'). 

Since //'^e > 2/i' for e > 2, we obtain the existence and in particular that 

ds G N. 
Define 

1 + e{d + ds) — de 1 + dgC 
^ d " ~~d~- 

Because of the choice of dg, we have G N. 
Moreover, wc get 

—e{d + ds) + d{e + e^) = —ed — edg + de + dgC + 1 = 1. 

It fohows that gcd{d + d^, e + e^) = 1. 
Now we get 

eg 1 + dgC e 
dg ddg d 

and also 

eg — 1 dgC — d + 1 ^ e 
dg ddg d 

Thus it remains to prove the fourth property. By an easy calculation we get 

e + eg e / ed + ed^ + 1 \ f 1 + ^ 



d + dg d \ ed + edg J d \ ed + edg 
Moreover, since 



and 



d' 1 

< 



ed + dge d + dg 
for each d' < d, the existence of such a vector follows. 



□ 



In what follows, we call a vector (dg, Eg) satisfying these properties starting 
quiver for (d, e) . Now we show that (dg + kd, eg + ke) with A; > 1 also is a 
starting vector for the dimension vectors {Id, le) with I > 1. Thus we can glue 
quivers of dimension type (Zd, le) on a stable quiver of type {dg + kd, eg + ke) 
in order to obtain new stable quivers of dimension type (d^, es) + {k+l){d, e). 



Corollary 5.23 Let d, dg, e and eg fulfil the glueing condition. Then we 
have gcd(ds + kd, eg + ke) = 1 for all k > 1. 
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Proof. As before we also have 

—e{kd + ds) + d{ke + e^) = 1 

for arbitrary k > 1. 

□ 

Corollary 5.24 Let d, ds, e, Cg satisfy the glueing condition and let k,l 

We have 

1. 

Co + /ce , , 

-Id > le 



3. 



4- 



Cs + ke 

i 

ds + kd 

Eg + ke — 1 ^ le 
ds + kd ~ Id 



^2±lid' < \-d'] \fd' < d 

kd + ds d 



Proof. The second (resp. third) statement is equivalent to the second (resp. 
third) property of the dimension vector (d + ds,e + es) what can be seen 
easily. Now the first property again follows from the third one. Let A; > 1. 
Then we have 

es + ke ^ e + es 
ds + kd ~ d + ds 

which is verified by an easy calculation. The fourth property follows from 
this. 

□ 



Remark 5.25 



• If we want to decompose a dimension vector {d, e) into 

(d,e) = {ds,es) + k{d',e') 

for coprime (d, e) such that {d' , e') and {ds, e^) satisfy the glueing con- 
dition, we can proceed as follows: 
fix e' minimal such that 

e\\ + de' 
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and 

e 

Now we compute dg and as before. It can be seen easily that these 
numbers satisfy the glueing condition. Indeed, one checks that 

e — eg d — dg 
e' " d' ■ 

From this it follows that e' \ e—Cg and d' \ d—dg because gcd{d' , e') = 1 
and, trivially, e — Cg, d — dg G N hold. Now define k = '^~^f" . 

We need other properties of these natural numbers. By use of 

egd — edg = 1, 

for < k' < k we get 

(ke + eg){k'd + dg) + k - k' = {kd + dg){k'e + eg). 
For di = k'd + d' eN with < d' < d and < di < kd + dg define a map 

j:^ 7 \ • r t (ke + eg)di + n 
f{di) = mm{n G N | G N}. 

kUj ~\~ clg 

Note that / is injective because gcd((is + kd, Cg + ke) = 1. Then we get the 
following lemma: 

Lemma 5.26 Let dg, eg, d, e fulfil the glueing condition. Then we have 
{ke + es){k'd + dg) + k - k' = mod {kd + dg) 

for all k' < k. 

Let di = k'd + d' with < d' < d. In particular, we have f{di) = k — k' if 
d' = dg and thus f{di) > A; + 1 if d' ^ dg. 

Now we show how to get a stable quiver of dimension type {dg + {k + l)d, Cg + 
{k + l)e) by glueing a stable quiver of type {dg + kd, Cg + ke) and certain quiv- 
ers of type {ld,le + 1). At this, Corollarv 15.241 assures that the considered 
subquivers satisfy the stability condition. Afterwards we prove that also 
direct summands of representations of the two subquivers do not contradict 
the stability condition what again follows by Corollary [5211 We again point 
out Remark 15.161 Thus we do not consider specific representations, but 
those satisfying the properties mentioned in the remark. 

Fix natural numbers d, e and m and let SJ2i^_^_^ be the set of tuples con- 
sisting of a m-bipartite quiver of dimension type {Id, le + 1) and a sink j 
satisfying the following properties: 
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• There exists at most one arrow between two vertices. 



• After decreasing the dimension of the sink j by one, the resulting 
quiver is connected and semistable. 

• There exists a representation for the quiver such that for every d'- 
dimensional subspace U we have 

{k + l)e + es J 
"^^^ {k + l)d + d/- 

Let 7^"^ the set of ah stable m-bipartite quivers of dimension type (d, e) . 

Theorem 5.27 Let d, dg, e, fulfil the glueing condition and let A; € N. Let 

^° ^ '^dk+kd,es+kd e SJ2^i^^i- Moreover, let jq be a sink of 

such that Rjf^, + Rj^ < m. Then Qjgjj^{T^,T^) with glueing vertex j2 where 
dim(j2) := dim(jo) + dim(ji) - 1 is an element of T^^^^^^^^^^^^^^^^^^y. 

Proof. For some subspace U of one of the two subquivers we denote by du 
the dimension of its image corresponding to its original quiver and by d'u 
the dimension of its image corresponding to the glueing quiver. 
First let U he & d'-dimensional subspace of such that d' < Id. Then by 
definition we have 

{k + l)d + ds ^ 

If d' = Id, the same inequality follows from du = le + ^ together with the 
first property of Corollary 15.241 
Since we also have 

Cg + fee Cs + {k + l)e 
ds + kd ds + {k + l)d' 

see the properties of the dimension vectors, the same follows for subspaces 
of the subquiver T^. 

It remains to prove that subspaces composed of subspaces of both subquiv- 
ers fulfil the stability condition. Thus let U' and U" be two subspaces of 
dimension 1 < d' < Id and 1 < d" < kd + dg such that we have proper 
inequality at least once. 
Now it suffices to prove that 



du'^u">-/+du',>j^^j^^{d+d) 



where the first inequality follows from the semistability of the quiver ob- 
tained from after decreasing the dimension of the vertex ji by one. This 
is equivalent to 

{k + l)e + Cs J, d' 
dU" > 77 771 T"- + 



{k + l)d + ds d{{k + l)d + ds 
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using Csd — dsS = 1. 

By the preceding lemma together with the assumption we have 

, ^ike + es)d" + fid") 



kd + ds 

First let d" < kd + ds. Assuming without lose of generality that d' = Id, it 
remains to prove that 

Id" + {{k + l)d + ds)f{d") > l{kd + ds). 

But this is easily verified. 

Finally, let d" = kd + dg and d' = I'd + di < Id with < di < d. We have 

(k + l)e + Bs , , , , / 
^ ^ -{kd + ds) = ke + es 



{k + l)d + ds' ^ {k + l)d + ds 

again using Cgd — edg = 1. Thus it remains to prove 

\Ul'd + = I'e + A > i^±il^±4i(rd + d,) ^ 



d d {k + l)d + ds {k + l)d + ds 

what follows from the fourth property of Corollary 15.241 together with I > I'. 

□ 

If r'^ and satisfy the condition of the theorem we call starting quiver 
for T\ 

Next, we apply the result to specific quivers. Therefore, let T £ 7^"^. Start- 
ing with this quiver, we construct new quivers T of dimension type (d, e-|- 1) 
in one of the following ways: 

• Choose an i £ I such that Ri < m and define the new quiver by the 
vertex set Tq = U {j} and the arrow set Ti = Ti U {a : i ^ j}. 
Finally, let dim(j) = 1. 

• Choose a vertex j G J with I < Rj < m and increase the dimension 
of the vertex by one. 

• Choose a vertex j £ J such that 

dim(j) < dim(i) 

and increase the dimension of the vertex j by one. 

Denote the set of the resulting quivers by TJ^ and refer to j as modified 
vertex. 
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Corollary 5.28 Let d,ds,e,es be as before and let G N. Moreover, let 
£ "'^^ ^ '^de '^^^^ modified vertex ji. Further let he 

a sink of Tg such that Rj^ + Rj-^ < m. Then Qjf^j^{T^,T^) with glue- 
ing vertex j, where dim(j) := dim(jo) + dim(ji) — 1, is an element of 

'^s+{fc+l)rf,es+(fc+l)e- 

Proof. Let U he a d'-dimensional subspace of T^. Since results from 
a stable quiver we have du > ^d' ■ Moreover, by the fourth property of 
Corollarv 15.241 it follows that 

(fc + l)e + e, ^ r^^n ^ ^ / ^/ 

If d' = d, the same inequality follows from the first property together with 

dim(ji) < dim(i) 



and 

(fc + l)e + e, ^ 



□ 



Fixing a coprime dimension vector (d, e) we now deal with the question how 
to construct a certain set of stable quivers. Therefore, we assign a set of 
stable quivers to tuple of natural numbers which is uniquely determined by 
the dimension vector, see also Example 15.301 These numbers correspond 
to the number of possible glueing vertices and possible colourings of the 
constructed quivers. 

Fix a dimension vector (d, e) and the corresponding starting vector (ds, e^). 
Denote by T^^f'^^ the set of stable quivers of dimension type (ds, e^) +ni(d, e) 
with ni > 1. As before let T'nf'^'^ be the set which results by modifying a 
vertex ji. Now we continue recursively: let S G T^'^'-i m ^^'^ ^ ^ %it','^},ni- 
Now let T-l^'^^'^ ni consisting of all quivers Qjgj^{S,T) such that 

Rjg + Rji < rn. Moreover, let the dimension of the glueing vertex j be given 
by dim(j) = dim(jo) + dim(ji) — 1. In general let Tn'^'^^^...^ni be the set of 
glueing quivers resulting from glueing a quiver S G "^nt'+i-i rn, ni ^"^^ ^ 
quiver T G 'Tnk','^}.,ni as described. 

Corollary 5.29 The sets 'Tn'l'f}.,n\ only contain stable quivers. 

Proof. It suffices to prove that these quivers satisfy the condition of Corollary 

We assume that Tn'j^'f^.^n-i only contains stable quivers. We have to prove that 
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Tntti:---,n\ just consists of stable quivers for all n^+i > 1. Therefore we show 
that the quivers in 'T^^^l^i „j are starting quivers for quivers in 'fn^'f^.^m ■ 
Let {d^,e^) be the dimension vector corresponding to Tn^l'^},ni and ((ij,ej) 
the one belonging to T^'^'^l m • suffices to prove that 

is the starting vector for 

Indeed, the quivers in '7rifc,'..l,ni are obtained by the modification described 
in Corollarv l5.28[ But this is equivalent to 



1 + 4+^e^+^ 
#+1 



with the additional condition d^^^ < d'^^^, see Lemma 15.221 The second 
property follows immediately, the first one is equivalent to 



1 + 4e*^ 



what follows by a direct calculation. Therefore, the claim follows by the 
induction hypothesis. 

□ 



Example 5.30 

Let {ds,es) = (0,1) and {d,e) = (l,n — 1). Then we obtain the corre- 
sponding tuple of natural numbers (n^, . . . ,ni) to a fixed dimension vec- 
tor by proceeding as mentioned in Remark 15.251 More detailed we have 
{d^, e^) = {ds, Cs) + nj^{d^~^ , e^~^) and in this way we recursively obtain the 
whole tuple. The recursion terminates if {ds, e^) = (0, 1). 
For instance consider (d, e) = (8,13). The tuple of numbers is given by 
(ns, n2, ni) = (1, 2, 2) with n = 2. Thus we get 

(d,e) = (3,5) + (5,8) = (l,2) + (2,3) + ((l,2)+2(2,3)) 
= (0,1) + (1,1) + (0,1) +2(1,1) 

+((0,1) + (1,1) + 2((0,1)+ 2(1,1))). 

Initially, consider the localization quivers of the dimension types (1,2) and 
(2,3), i.e. 

1 

1^ 

1 
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and 



By use of Corollary 15.281 we obtain the following localization quivers of di- 
mension type (3, 5) by glueing: 



Next, for instance we obtain the following localization quivers of type (5, 8) 
by glueing: 

1 1 

^2-* 1 1 1 

^ 1 1 

Finally, for instance the following bipartite quiver of dimension type (8, 13) 
is stable by use of Corollary 15.281 



5.4 A lower bound 

Let m G N with m > 3 again be the number of arrows of the Kronecker 
quiver. The aim of this section is to determine a lower bound for the Euler 
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characteristic of the moduh spaces of stable representations for coprime di- 
mension vectors. Therefore, we consider the cases e > (m— l)d. The remain- 
ing cases are obtained by the isomorphisms of the moduh spaces, see The- 
orem 15.41 In the considered cases the moduh spaces are zero- dimensional. 
Moreover, we will see that the recursive construction of the localization quiv- 
ers simplifies. 

Because of Theorem 13.161 we may assume that all torus fixed points are 
representations of the universal covering quiver. 

Initially, consider the dimension vectors (l,n — 1) and (l,ra) with 2 < n < 
m — 1 which are mapped to the dimension vectors (n — l,m{n — 1) — 1) and 
(n, mn — 1) by the mentioned isomorphisms. For (1, n — 1) there exists only 
one localization quiver 

h ^ J2 



3n-l 

where dim(jfc) = dim(ii) = 1 for all 1 < A; < n — 1. Analogously, we obtain 
the unique localization quiver of dimension type (l,n). 
Consider the following localization quiver of dimension type (n — l,m(n — 
1) — 1) where dim(j) = n — 2 and dim(jfc = dim(ifc) = 1 otherwise: 



Jl.m—l Jn—l,m—l 

Again we analogously get the quiver of type (n, mn — 1). 
Remark 5.31 




• For the dimension vector (n, mn — I), 1 < n < m, this is also the only 
localization quiver because obviously each one-dimensional subspace 
is forced to have a m-dimensional image. Moreover, because of the 
stability condition, we have for each subspace U of dimension d! < n 
that 



nm — 
> 




Therefore, we have djj > md' for all d' < n. But, for any other quiver 
of this dimension type this condition is not satisfied. 

• We also get this quivers by applying the reflection functor, see Theorem 
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By use of the procedure introduced in Section 15.31 we can glue these quiver 
together. Fix m G N and define by 




Let / U J the set of vertices and define J[ := J\ji. Let dim(ji) = 1 — 1 and 
let the other vertices be one-dimensional. Define the glueing quiver 

Q ^' ^ '■= Qj,j2 iQ ^ T Q ^) 

with j £ J[. For the resulting quiver define dim(j2) = I2 whereby the 
dimensions of the other vertices remain constant. For instance we obtain: 




We again consider the construction of Corollary 15.291 Let (d, e) = (ni (n — 
1) + 1, ni(m(n — 1) — 1) + m) = (1, m) + ni(n — l,m{n — 1) — 1). Then we 
obtain the cases 

!!^t^^d' <e'< ^^^d'. (1) 
n — 1 n 

We only consider those quivers constructed in this section. Moreover, they 
are glued as explained in this section. Fixing ni > 1 we denote the resulting 
quivers by Q^^. They obviously result from glueing ni-times a quiver of 
dimension type {n — l,m{n — 1) — 1). Call the glueing vertex corresponding 
to the first glueing initial glueing vertex. If ji is the initial glueing vertex, 
denote by Q"^ the set of quivers obtained by increasing the dimension of ji 
by one. 

We now recursively define 

2nfc+i,...,ni = I S G Q"j^^i-l,nfe,...,ni)^ ^ 2nfc,...,ni}i 

where j £ Sq such that Rj = 1 and where ji is the initial glueing vertex of 
T e Q;^„...,„,. Furthermore, let QS,n„...,ni = 2n,-i,...,nr By Corollary S 
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we know that every quiver S G Qnk+i-i,...,ni is stable and that each of them 
satisfies the properties of the starting quiver for each T £ Qn^,,...,ni- Thus it 
follows that all of the quivers obtained by glueing are stable. 

Remark 5.32 

• If {d',e') is given such that ([T]) holds, we can determine the corre- 
sponding tuple (nfc, . . . , ni) as described in Remark 15.251 There is an 
easier method to get this tuple by simply solving linear equations, see 
[Wei2] . 

Next, we determine the cardinality of these sets in order to obtain a lower 
bound for the Euler characteristic. The moduli spaces of the considered 
localization quivers are zero-dimensional, i.e. a point. And it is well- 
known that = 1. Furthermore, by Theorem 15.41 we can assume 
that n > This is another advantage simplifying combinatorics. In- 
deed, because of this assumption it is just possible to glue one quiver on 
each vertex of dimension one. Otherwise, there would be no suitable colour- 
ing to obtain a localization data from the produced quiver because it is no 
subquiver of the regular m-tree. 

Initially, consider the set Qi consisting of the quiver of dimension type 
(n,mn — 1). After modifying a sink, considering the properties of Remark 
15.131 and taking into account all symmetries and the fact that all quivers are 
glued as mentioned above, there exist 

m — l\ . 

possibilities 

n J 

to choose a colouring c : R {1, . . . , m} where R is the set of arrows. 
Each of the quivers has n{m — 1) knots, i.e. vertices j £ J such that 
Rj = 1. Denote by a^^ the cardinality of Q"^ in consideration of the different 
colourings. Furthermore, let K^_^ the number of knots of these quivers which 
coincide for all quivers in this set. 
Using the notation of Section S] we have 



m — 1 



"■'ni - y ^ j-4(--i),(„_i)(„_i),„(m-l),n(m-l)+(ni-l)(n-l)(m-l)- 

Moreover, we have 

K^i^ = n{m + (ni - l)(n - l)(m - 1) - (ni - 1). 

Considering the construction we get the following lemma by an easy obser- 
vation. 
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Lemma 5.33 Let (nfc+i, • • • ,ni) G N*^+^. 

1. The number of knots of the quivers in Qnfc+i,...,ni given by 

2. Moreover, we have 

„ri _ n 

"rifc+i,...,/!! "rifc-l,...,/!! 

■ vAn" K'^ K'^ -A-n i i t R'" 

"nfc,...,7ii'-^nfc,...,ni>-^nj,-l,...,ni'-^Tij.-l,...,ni^"'fc+l^nfc,...,ni 

Fixing a dimension vector, it suffices to determine the corresponding tuple 
of natural numbers in order to get a lower bound for the Euler characteristic. 
Given such a tuple define K'^^ := Kn,^_^^,...,ni and aj^^ := ani^_^_^,...,ni- 
Consider the function 

The generating function y{x) satisfies the functional equation 

y{x) = x(t){y{x)). 

Since we are interested in some asymptotic value, which is independent of 
the number of starting knots, we can assume that there exists just one start- 
ing knot. Even the starting quiver only gives us a constant, which we may 
ignore. 

For every coloured tree constructed like this we obtain some localization 
data by assigning the weight to the source of the starting quiver. Thus 
it may happen that different trees define the same localization data. But, 
if {d, e) is the considered dimension vector, the number of possible starting 
quivers is bounded by d. Since 

lim — 1- = 0, 

d— ►oo d 

we may disregard this as well when investigating the logarithmic asymptotic 

behaviour. 

Define 



Theorem 5.34 Let e > (m — l)d. We have 
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Proof. Define 

F{x,y) = x(j){y{x)). 

By Theorem 14.61 we have 



Obviously, it suffices to consider xq . By Corollary 14.71 we obtain 



Then we get 



1 



1 



nu^ d—n 



m 
e 



Hence we get that 

\n{x{Md,+nd,es+nd)) 

ds + nd 

n-HaZiKZ-^)) ^ nuZ^ ■ HKZ) nu^d ■ ln(i^- - 1) 
> m G H T- h 



dg + nd ds + nd dg + nd 



d,e,n 



for a constant C G M. Thus it follows 

ln(a;f JET^^ - 1)) 
^^LZ,n = ' , ' - + uZ{lnKZ-HKZ-'^) 

= i(lnaS:, + i^r,lni^,- " i^Z " ^)MKZ " 1)) =: 
which proves the theorem. 

□ 

By use of the isomorphisms of the moduli spaces we also get a lower bound 
for arbitrary d and e. 

Example 5.35 
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This example applies the introduced methods to the case {d, e) = (5, 8) and 
m = 3. For the starting dimension vector we get (dg, e^) = (3, 5) and also 



S3,5 



For the quiver functions we get h = 1 and I2 = 2, i.e.: 

S5,8 = (0,1,1). 

The reflected dimension vector is (8, 19) and we obtain i^fg = 12 and 1 
1664. Thus in conclusion we have 



'5,8 



1 



Lis = - In (1664 



12 



12 



nil'' 



4 with m > 3 in detail. 



6 Applications 

6.1 The case (3,4) 

In this section we consider the case d = 3 and e 
Consider the localization quiver given by 

icjj 

3^ 1 

1 -^4 

Js^l 

1 ^6 

1 

Therefore, by colouring the arrows in the colours {1, . . . ,m} satisfying the 
conditions of Remark 15.131 we obtain a localization data. In this case, the 
conditions are c{ii) 7^ c(i/+i) for 1 < / < 5. Each colouring is unique up to 
the symmetry of the symmetric group 82- 

The colourings (i, j, k, k) and (i, j, k, i,j, i), such that i, j, k £ {1, . . . , m} 
are pairwise disjoint, give rise to two cases, which we now consider in greater 
detail. In the first case we obtain 

>=r 2 

1 1 

iCi 



1 
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There is no new symmetry arising from this colouring. Furthermore, the 
moduh space is a point for this dimension vector. Note that the cycle breaks 
down after a second localization so that we get back the former quiver. 
The second special case is 



1 -V I 



The colouring induces an extra arrow and therefore another symmetry. In 
particular, the localization data is already determined by the choice of the 
colour of the free arrow, i.e. the one that does not appear in the cycle. 
But because of the extra arrow the moduli space is so that the Euler 

characteristic is two. 

Another possibility to see this is a second localization. Indeed, by consider- 
ing the quiver without its colouring the fixed points are those representations 
satisfying = or Xi-j = where 17 is the extra arrow. Thus we again 
get back the original localization quiver by a second localization. 
In conclusion we obtain that there are possibilities to choose a 

colouring. 

Further localization data are given by colourings of the following localization 
quiver: 

1 --^ *2 



«5 ^ 1 ^ 1 ^ 1 



1 

1 

with the conditions c(ii) 7^ 0(12), 0(1^) ^ 0(14), 0(15) c^i^) and c(z2), c{is), 
c(z5) pairwisc disjoint. In consideration of the symmetries of 5*3 we obtain 



m(m— 1) (m— 2) -i^-i-j-- 

— — l^^l^^ possibilities. 

We also get 
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with the conditions c{ii), 0(12), 0(13) pairwise disjoint and 0(13) / 0(^4). 
Thus we get "^("^~^^^ ('"~^) possibihties. 

If m > 4, we finally get the localization data coming from 

1 




with the condition that the colours of all arrows are pairwise disjoint, hence 
C^) possibilit les. 

Since all fixed point components may be understood as points, for the Euler 
characteristic we have 

™x /m\ m(m — 1)^ (m — 2) m(m — l)'^(m — 2) m(m — 1)^ 

xiM^4) = (4 J + ^ — — + ^ — — + 2 

One easily verifies that this is the same result one obtains by the algorithm 
from [Rei2j . i.e.: 

X{M^4) = ^m{m - l)(4m^ - 7m + 2)(4m2 - 7m + 1). 
6.2 Euler characteristic in the case {n,n) 

Lemma 6.1 Let m > 3. Every stable torus fixed point of the Kronecker 
quiver with m arrows and dimension vector (n, (m — l)n) has a cycle. Thus 
there exists a suh space U and maps /i, . . . , f2k £ {-'^i, • • • , X^} with fi / 
/j+i for 1 < i <2l — 1 such that 

fio...of-^\U) = U. 

Remark 6.2 

• From the proof we even get the stronger result that a localization 
quiver of this dimension vector is forced to be cyclic. In particular, 
there exists no subquiver having just one common vertex with the 
remainder of the quiver. 

Proof. Consider a subquiver of the form 

Ji 

.J2 
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such that dim(i) < d. Because of the stabihty we have for the image dimen- 
sion of a subspace i, denoted by di, 

(m — l)d 

di > dim(i) = [m — 1) dim(i). 

We also have dim(jfc) > dim(i) for all k. Indeed, if we had dim(jfc) = / such 
that / < dim(i), we could consider the (dim(z) — /)-subspace keic{Xa:i-^j^)- 
It would have a (dim(i) — l){m — l)-dimensional image, which obviously 
contradicts the stability condition. 

Therefore, the subquiver is of dimension type (dim(i), e') with e' > mdim(i). 
Moreover, the stability implies that each /c-dimensional subspace has at least 
a ((m — l)k + l)-dimensional image. 

Assume that the localization would not have a cycle. Thus in particular 
it has some proper boundary quiver, i.e. a subquiver, which has just one 
common vertex with the remainder of the whole quiver. 
Fix such a quiver. It apparently has dimension type (di, mdi). If we denote 
by b the dimension of the image of the remainder of the quiver, we get 

b > {m-l){d-di) + 1. 

It follows 

(m— l)d = b+dim — h > {m — l){d — di) + \ + dim — h = {m — \)d+di — h + 1 

where /i > 1 is the dimension of the intersection of both subquivers. It 
follows h> di + \ what is obviously a contradiction. 

□ 

Corollary 6.3 The Euler characteristic of the Kronecker moduli spaces 
with dimension vector {n,n) vanishes ifn>2. 

Proof. By the previous lemma we know that each representation of a lo- 
calization quiver of dimension type (n, (m — l)n) has a cycle. But because 
of Theorem 13. 161 we can assume that fixed points of each Kronecker moduli 
space do not have cycles. Applying the previous result this means that for a 
fixed point there exists a subspace U such that its image is (m — 1) dim([/)- 
dimensional. Hence there are no stable representations of the universal 
covering quiver of dimension type {d, {m — 

Because of the isomorphism between M"*/ and MIP'^, we in conclusion 

■■^^ n,[m—l)n n,m 

□ 
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6.3 Finiteness of the fixed point set 

In this section we investigate and answer a question posed in |Dre| . Namely 
for which dimension vectors is the set of fixed points finite and for which 
dimension vectors exists at least one n-dimensional fixed point component 
with n > 1. Again let gcd((i, e) = 1. 

Theorem 6.4 Let d > 3, e > 4 and m > 3 . Then there exist infinitely 
many torus fixed points. 

Proof. Since the torus action is compatible with the isomorphisms, we may 
assume 

d < e < —d. 

Furthermore, let m' < ^ S N such that (m' — l)d < e < m'd. By |Wei3j 
there exists a localization quiver s^^^ which consists of sub quivers of the form 
(l,m') and (l,m' + 1) respectively. Since d > 3, in particular there exists a 
subquiver of the form 



32,1 




J3,l 



i3 

with si, S2, S3 G {m' , m' + 1}. Fix by 

c(n, jl,l) = c(i2,j2,S2) = C(«3,J3,S3) = 1, 

c(n,ji,si) = c(i3,j3,i) = 2 

and 

cfe, j2,l) = 3 

a colouring of the arrows. This colouring induces an extra arrow (i3,ji,i) 
such that c(i3,ji^i) = 3. Hence the associated moduli space is at least 
one-dimensional implying that there are infinitely many torus fixed points. 

□ 
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6.4 The case (d,d+l) 



In this section we investigate the function treated in Section 13.31 resulting 
from the conjecture of Douglas at the point 1. This means investigating 
the dimension vector (d— l,d), which is equivalent to the dimension vector 
{d, {m — l)d + 1). The latter one is considered in the following. Because of 
Theorem 13. 161 we may assume that localization data of this type are free of 
cycles. We will see that each localization data is of type one. In particular, 
all localization quivers consist of subquivers of dimension type (l,m). 

Lemma 6.5 All localization quivers are of type 1. In particular, we can 
assume that dim(z) = dim(j) = 1 for all i £ I and j G J. 

Proof. By use of Theorem 13.161 we can assume that a localization is free of 
cycles. 

Consider the subquiver 



Ji 




Jm 

such that dim(i) < d. Because of the stability we get 

(m - l)(i + 1 IN J- /-N 

di > dlm(^j > (m — 1) dim(ij. 

In particular, this holds if dim(z) = 1. Now we have dim{jk) > dim(i) 
for all k. Indeed, if we had dim(jfc) = / such that I < dim(i), we could 
consider the (dim(i) — /)-subspace ker(/c(j ^^^(i)) which would just have a 
(dim(i) — /)(m — l)-dimensional image. This contradicts the stability con- 
dition. 

Therefore, the subquiver is of the form (dim(i),e') with e' > (dim(i)). Fur- 
thermore, because of the stability every /j-dimensional subspace at least has 
a ((m — l)k -\- l)-dimensional image. 

If we fix a boundary quiver, which exists because the original quiver has no 
cycles, this subquiver just has one common vertex with the remainder of the 
quiver and is of dimension type {di,mdi). Then for the image dimension of 
the remainder of the quiver b we have 

b> {m - l){d - di) + 1. 

Thus we get 

{m-l)d+l = b+dim-h > {m-l){d-di) + l+dim-h = {m-l)d+di-h+l, 

where /i > 1 is the dimension of the intersection of the images of the two 
subquivers. Therefore, we have h> di, i.e. h = di. 
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We continue by proving that after removing this subquiver we get a sta- 
ble quiver of dimension type [d — di, {m, — — di) + 1). It sufiiees to prove 
stability because the subquiver just has a di -dimensional intersection with 
the remainder. 

For an arbitrary subspace U with dim U < d — di we have 

(m-l)d-M,. 

du > r dim U. 

d 

Since dim U < d — di, we also have 

im-l){d-di) + l ^. 

du > , ' dimC/ 

[d-di) 

proving the claim in-between. 

Thus we can proceed by induction on the number of subquivers in order to 

show that all localization quivers are of type one. 

Consider the quiver consisting of one subquiver. Obviously, it is a stable 
quiver of type 1. 

Assume that the quiver has n + 1 subquivers. We may remove a boundary 
quiver so that we again get a stable quiver, which is of the requested type by 
induction hypothesis. But since the original quiver has no cycles, there exist 
at least two boundary quivers. Thus the assertion follows by applying the 
induction hypothesis to the respective subquivers after removing a boundary 
quiver. 

□ 



Theorem 6.6 We have 

^(j^m ^ fim-iyd+{m-l)m 

X{^y^d,d+i) {d + l){{m-l)d + m)\ d 

In particular, we also have 

lim ^''^^^^'^■'^+1^ = (m - if ln(m - 1)^ - (m^ - 2m) ln(m2 - 2m). 

Proof. As shown previously, we may assume that all subquivers have vertex 
set 

lU J = {iiji,...,jrn} 

and arrow set 

R = {{h,ji),---,{ii,jm)} 

with dim(zi) = dim{jk) = 1. In particular, the moduli spaces of the con- 
sidered quivers are zero-dimensional yielding that the Euler characteristic is 
one. 
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By Remark 15. 131 there exists exactly one possibility to choose a colouring c 
taking into account the symmetries of Sm- Again by Remark 15.131 we can 
glue k subquivers on each vertex j;, 1 < / < m, with < A; < (m — 1). 
But we have to take note of the symmetries of S^. Assuming that there is 
only one starting knot let y{x) the generating function of such quivers and 
consider 

m = 1 + ^^X-' + ("^-l)("^-2) ^2(n.-l) 

+ . . . + nl^l^("^ - ^(m-l)(m-l) ^ 
I'S'm— 1| 



Then we have 



m-l ^ X 

=(i+x 



rn—l\m—l 



=0 

Because of Section [4. II the generating function satisfies the functional equa- 
tion y{x) = x{(j){y{x))). The generating function for all coloured localization 
quivers is obtained as follows: we start with the unique localization quiver 
of dimension type (1, m) having m knots. The resulting generating function 
is y{x)^ and by applying the Lagrange inversion theorem we obtain that 

n 

m ( n{m — 1] 

n—m 



n 



m—1 



If we assign the weight to the sink of the starting quiver, every such quiver 
that has (m — l)fi-|- 1 knots corresponds to a localization data of dimension 
type (d, (m — l)d + 1). The other way around, we may assume that every 
localization data has some sink i € I with weight what gives us d choices. 
This means for every localization data we exactly get d trees. Hence we get 

_ m f{m-iyd+{m-l) 



d,{m-i)d+V d{{m-l)d+l)\ d-1 

m f (m — l)^((i — 1) + (m — l)m^ 



d{{m-l){d-l)+m)\ d-1 



Since x{MX-i,d) = the assertion is proved. 

The second part follows by applying Theorem 14.61 It may be left unconsid- 
ered that exactly d trees define the same localization data. Indeed, obviously 
we have 

Ind 
lim — — = 0. 

d—*oo d 
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We can also assume that we just have one starting knot. Thus in addition 
to the functional equation y{x) = x{(j){y{x))) we consider the functional 
equation 

l = x{m- 1)2(1 + y(x)"^i)"-2y(a.)™-2_ 
Moreover, we consider the equations 

yo = xo(l + yo"^-^r-i 



and 

Then we have 
which implies 

Thus we get 
and therefore 



l = xo(m- 1)^(1 + yo"-ir-V' 
1 



Xq 



yo 



2 



(1 + Vo 



m-l\m—l 



- 1)2(1 +y--l)„^-2y™-2■ 

(m-lfy^-' = l+y^-' 



Hence we have 



(m - 1)2 - 1' 

= (m-l)2("^-^) 

= (^_l)2(m-l) 



(m- 1)2 - 1 



m — 2 
m — 1 



1 \ m — 1 



?7i2 — 2m 
1 

m? — 2m 



If the number of knots of the considered trees is (m — l)d + 1, such a tree 
correspond to a localization quiver of dimension type (d, (m — \)d + 1) for 
all d > 1. Since we consider the logarithm, we may discount the remaining 
factors of Theorem 15.131 Now Theorem 13.131 implies 

, 2 „ X \ (m— 

(m —2m) \ ^ ^ 



In (m- 1)2(^-1) 
1-^ lnx(M-(^_,),^,) ^ ^^^^ I 

d^Qo d d 

= (m-l)2ln(m- 1)2 

— (m^ — 2m) ln{m'^ — 2m). 
Because of the isomorphisms of moduli spaces, the assertion follows. 

54 



□ 

Remark 6.7 

• By considering 

„ e ^. ln(x(MX^,^^^^„J) 
/ : - hm , 

d n-+oo d 

we in particular get that 

/(I) = (m — l)'^ ln(m — 1)^ — (ra^ — 2m) ln(m^ — 2m) 
as conjectured in 15.61 

6.5 Further examples and questions 

In this section we discuss further examples and besides some problems and 
questions, which appear when dealing with localization in Kronecker mod- 
uli spaces. One fundamental question is how to determine all localization 
quivers and if it is perhaps enough to know all localization quivers of type 
1. 



6.5.1 Real roots 

It is known that the real roots of the Kronecker quiver are reflections of the 
simple roots (0, 1) and (1,0). In the case m = 3 we get the sequence 

(0,1),(1,3),(3,8),(8,21),(21,55),.... 

The unique indecomposable representations for these dimension vectors are 
therefore given by the simple representation E2 and its reflections under the 
reflection functor. In the next three cases we obtain: 




t 

2 • 

\ 
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I \ 

3 3 



Here the dots always represent one-dimensional subspaces. As shown in 
[FRj . this gives rise to a decomposition of the odd Fibonacci numbers. 



6.5.2 Open questions 

As mentioned above, one could ask if it is possible to put all localization 
quivers down to the case of localization quivers of type one. For instance, 
when considering the localization quiver 

1 



1 



1 

1 

we always assumed j ^ k. But if we consider the quiver 

1 




we could in a sense understand this quiver as the case j = k. But this raises 
another problem: we get additional conditions for i and j and moreover 
different symmetries. For instance, in the first case we have the symmetries 
of 5*2. But in the second one we have the symmetries of 5*3. 

Another question is how to count or get all localization data (at least all of 
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type one). Unfortunately, by use of the method introduced in this chapter 
we do not get all localization quivers of type one. If it were possible to 
get all quivers of this type and if it could be shown that the other quivers 
come in a way from quivers of type one, one could probably prove the con- 
tinuity. This would suffice to prove the existence of the conjectured function. 

Finally, we give an example for a quiver of type one, which cannot be con- 
structed by use of the methods of this chapter. Let (d, e) = (7, 10) = 
(2,3) + (5,7) = (2,3) + (2,3) + (3,4). Then we have (^^,6^) = (2,3). We 
have 

• 

/ 
\ 



S2,3 



and 



S2,3 



/ 



\ 



We get the quivers for the dimension vector (3, 4) in the same way. But we 
do not get the following localization quiver with dimension vector (9, 13) = 
(2, 3) -|- (7, 10) by sticking together the above ones: 

• 

/ 
\ 

• • • ^ • 

\ / 

/ \ 

• • • 

\ t 

• • 

\ 
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